We investigate the deexcitation of the 229 Th nucleus via the excitation of an electron. Detailed calculations are performed for the enhancement of the nuclear decay width due to this so called electron bridge (EB) compared to the direct photoemission from the nucleus. The results are obtianed for triply ionized thorium by using a B-spline pseudo basis approach to solve the Dirac equation for a local x α potential. This approach allows for an approximation of the full electron propagator including the positive and negative continuum. We show that the contribution of continua slightly increases the enhancement compared to a propagator calculated by a direct summation over bound states. Moreover we put special emphasis on the interference between the direct and exchange Feynman diagrams that can have a strong influence on the enhancement.
Introduction
Because of its extremely low lying first excited metastable state the 229 Th nucleus has been object of intense investigation during the last decades [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . Due to its extremely narrow linewidth the transition between this isomeric and the nuclear ground state is planned to be the working transition of the future nuclear clock [11, 12, 13] . This clock will be very important for benchmarking existing atomic clocks and might help to provide a new optical frequency standard [14] . Moreover this clock will be accurate enough to test predictions for the fifth force and the time variation of fundamental constants [15, 16] . Triply charged thorium is a good candidate to study in particular because it has been successfully laser cooled and was already studied in ion trap experiments [17] .
So far the exact energy of the low lying nuclear resonance in 229 Th remains unknown. Therefore many proposals have been put forward how to address this level [18, 10, 19] . Meanwhile the majority of these scenarios have been realized in experiments aiming for a precise determination of the resonance energy [1, 2, 3, 13, 20, 21, 11] . A key property here is the lifetime of the isomeric state that is strongly influenced by the electronic environment, inter alia because of the electron bridge (EB) process [8] . In this process the 229 Th nucleus does not decay via emission of a photon but by exciting the electron shell. We present here an approach to analyze the influence of the EB onto the decay width of the first excited state of the 229 Th nucleus. Our approach extends the analysis shown in Ref. [8] by two means. First our method allows to include the experimental energies of the important transitions in Th 3+ and does not necessarily rely on many-electron calculations that are not always in good agreement with the measured spectra. Second we approximate the full electron propagator, including the coupling to the positive and negative continuum, in contrast to Ref. [8] , where a direct summation over bound states is performed.
After we have sketched our theory in Sec. 2 we will present results in Sec. 4, where we will discuss the role of the positive an negative continuum in the electron propagator as well as interference effects between the participating quantum processes. Natural units ( = c = 1) are used throughout this work.
Theory
The EB is described by two Feynman diagrams shown in Fig. 1 . The direct diagram describes the process where the nuclear isomeric state |e decays to the ground state |g via exchanging a virtual photon with the electron shell from which, in turn, a real photon is emitted. In the exchange diagram the real photon is emitted before the deexcitation of the nucleus takes place. It is known experimentally that the |e → |g transition in 229 Th is of magnetic dipole type (M 1). As shown in Fig. 2 this transition leads to an M 1 excitation of the electron to a, possibly virtual, intermediate state. We will employ the dipole approximation for the emitted real photon so that the transition from the intermediate to the final electronic state is of electric dipole type (E1).
In order to quantify the influence of the EB on the total decay width of the 229 Th nucleus we will derive an expression for the so called enhancement factor β. It is defined by the ratio between the width Γ EB of the EB process, compared to the width of the direct M 1 photo decay of the nucleus:
The spontaneous decay width Γ N (M 1, e → g) has not been measured yet. Only a theoretical estimate has been given [22] . We will see later, that β is especially useful because it is largely independent on Γ N (M 1, e → g). This makes the enhancement factor β a convenient quantity for the comparison of different theories and scenarios. The calculation of the EB-width Γ EB can be traced back to an evaluation of the transition amplitudes. We apply the Feynman rules to the diagrams shown in Fig. 1 to obtain expressions for these. Assuming that the angular momentum projections of the initial and final nuclear and electronic states are not observed, we obtain for Γ EB :
where the electronic states |i have angular momentum j i and energy i . The energy of the emitted photon is ω = i − f +ω N , α is the fine structure constant and ω N the energy splitting between the nuclear ground and first excited state. The electron propagator is represented by summing and integrating over all possible intermediate states n. The energy splitting between these intermediate and the initial or final electronic states is labeled by ω i/f n . We can see that Γ EB increases drastically if the resonance condition ω in + ω N = 0 is fulfilled. In this resonant case it is important to include the width of the atomic states to resolve the divergence of the denomiators in Eq. (2). Moreover Γ EB scales linearly with Γ N (M 1, e → f ), which cancels with the denomiator of Eq. (1) and makes β independent of the width of isomeric nuclear state.
The transition operators in Eq. (2) are the dipole operatorD describing the photon emission from the electron shell and the operatorT 1M which is part of the virtual photon exchange in the electron nucleus interaction (cf. Fig. 1 ). Following similar steps to Refs. [23, 24, 25] find forT 1M :
where α is the vector of Dirac matrices and e is the electron charge.
Computational details
After we have derived an expression for the EB-width Γ EB (2) we need to obtain a basis set for all (bound and continuum) electronic states to evaluate the matrix elements and the sum and integral in Eq. (2) . In order to to this, we restrict ourselves here to the single active electron (SAE) approximation, which is well justified since Th 3+ has only one valence electron. In order to generate the wave function for this valence electron, we solve the Dirac-Equation for a x α potential, that is assembled from the Coulomb potential V nuc (r) of the extended nucleus and the static potential generated by the other electrons: . In our case we take x α as a free parameter and vary it so that the corresponding binding energies accuratly match the transition energy between the initial and final electronic state. Following Refs. [26, 27] we construct for this potential a finite pseudo basis set consisting of B-spline wave functions that are solutions of the Dirac equation. This reduces the infinite sum and integral in Eq. (2) to a finite sum and allows for a very good approximation of the electron propagator [28, 29] . Now by plugging Eq. (2) into Eq. (1), we can calculate the enhancement factor β.
Results and discussion
Before we present calculations for the enhancement factor β (1), we want to convince ourselves that the approximations we made to obtain the electron wavefunctions are valid. Therefore we will use our potential to calculate the spectrum of Th 3+ and compare these calculations with experimental data. Th 3+ has one electron above a closed radon core, the ground state configuration is [Rn]5f 1 . Thus, for brevity, we can name the ionic configurations by the state of the valence electron. Many experiments are performed not using the ground but excited states of Th 3+ . The 7s 1/2 state is of particular interest here because it has resonances near the expected nuclear excitation energy. Due to the dipole transition matrix elements in Eq. (2), the final state has to be of opposite parity and we will restrict ourselves here to a final 7p j state. Therefore we vary the parameter x α in Eq. (4) to match the calculations with the experimental values [30] for the transitions 7s 1/2 → 7p 1/2 and 7s 1/2 → 7p 3/2 . After variation we obtain x α = 1.06 for the 7p 1/2 and x α = 1.01 for the 7p 3/2 case. With these potentials we can now compare the calculated spectra with the measured level energies as shown in Tab. 1. It can be seen from the table that our agreement with the experimental energies is always better than 2% for states above the 6d-shell. Calculations for the Th 3+ spectrum that we performed using the GRASP2k package [31] help us to explain the strong disagreement for the lower lying levels. These calculations show us that for these levels correlation effects play an important role which are not covered by the approximation (4).
Above we have shown that our approximation provides good results for the desired transition from the initial 7s 1/2 to the final 7p j state. This allows us to perform calculations for the enhancement factor β. Because the nuclear excitation energy ω N is unknown we take it as a free parameter and evaluate β as a function of ω N as shown in Fig. 3 . Generally it can be seen in the figure that β increases towards higher energies. This is due to the closeby 7s 1/2 → 8s 1/2 resonance. Therefore the enhancement factor β is larger than one over a wide energy range, which means that the deexcitation via the EB process is more probable than the emission of a photon from the nucleus.
In order to draw a comparison to previous results, we modified our approach to mimic the theory put forward by Porsev and Flambaum [8] . Therefore we (i) varied our potential to match the energies published in Ref. [8] (x α = 1.12 for 7s 1/2 → 7p 1/2 , x α = 1.07 for 7s 1/2 → 7p 3/2 ) and (ii) truncated our basis to the same set of states used by Porsev and Flambaum. The results of these calculations are shown as solid lines in Fig. 3 together with the set of values presented by Porsev and Flambaum [8] (crosses) for both final states 7p 1/2 (upper black set) and 7p 3/2 (lower blue set). It is seen that we achieve a very good agreement with these previous calculations, especially for the 7p 3/2 final state. But it is important to note, that due to the incomplete set of intermediate states the theory is not gauge invariant. The dashed lines in contrast show the results for the same potential but the full B-spline pseudo basis. In order to check the gauge invariance of this approximation we performed calculations in length and velocity gauge. These results turn out to agree up to the order 10 −5 . Compared to the calculations with the truncated basis set β is slightly increased if the full set of B-splines is used. The dotted lines show results again for the complete pseudo basis and a potential where the binding energies are matched to the experimental values. The fact that β is again larger in this case is mainly due to the fact that the experimental energy of the nearest resonance, where ω N = 8s 1/2 − 7s 1/2 , is about 0.3eV lower than calculated in Ref. [8] . This shows us that even in the regime where ω N is far from an electronic resonance it is important to have an accurate representation of the electronic spectrum.
All results shown above in Fig. 3 were obtained including the contributions of both the direct and the exchange diagram (cf. Fig. 1 ). In Fig. 4 we show a more detailed investigation of the different contributions to β from both diagrams involved. The calculations are performed again for two final states and with the use of the potential fitted to the experimental transition energies as presented in Tab. 1. In each panel of Fig. 4 the solid black lines correspond to the full results (2) as already shown in Fig. 3 . The dashed blue and dotted red lines show β calculated only for the direct or the exchange diagram, respectively. It can be seen that in the case of the final state being 7p 1/2 the full result does not correspond to the sum of direct and exchange amplitudes. While the contribution from the exchange diagram is almost zero, the full result is about 10% larger than the calculation from the direct diagram. This increase is due to the interference between the two processes. For the final state 7p 3/2 this inteference effeect is negative but negligible. Conclusively Fig. 4 shows us that, however the contribution from the exchange diagram is small, it cannot always be neglected because of strong interference effects.
Summary
We have investigated the enhancement of the decay width of the low lying nuclear isomeric state due to the EB process in 229 Th 3+ . Our method allows us to obtain results for this enhancement as a function of the nuclear excitation energy ω N , where we are able to accuratly match the important transition energies to the experimental values. We have shown that a good representation of the spectrum is important even in the off-resonance regime. Moreover we found out that the enhancement due to the EB is slightly underestimated if the electron propagator is approximated by a direct sum over bound electron states. However the contribution from the exchange diagram has been rightly neglected in some works [9, 10] we have shown that in some cases interference effects between the direct and the exchange diagram can have a large influence on the width of the EB.
